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INTRODUCTION 
The object of this work is to calculate the T (transition) matrix for a circular crack in 
a homogeneous, isotropic, linear elastic medium. The T matrix method is a building block 
technique for multiple scattering, where the T matrix is calculated for each scatterer separa-
tely without prior knowledge of the other scatterers (cracks, inclusions, surfaces, etc.).This 
means that we solve the scattering problem for arbitrary incoming time harmonic elastic 
waves. A solution for the scattering by an open circular crack can be found in [1], and for 
multiple scattering see [2]. On the cmck surface the so called spring contact boundary con-
ditions are assumed, enabling modelling of various cracktypes, such as the open crack, the 
fluid filled crack and a crack partly closed by a static background pressure. Numerical cal-
culations of the scattering cross sections and the crack-scattered farfield amplitudes for in-
coming plane waves are given. 
PROBLEM FORMULATION 
If we assume time harmonic waves (exp(-icot) suppressed throughout the paper) the 
total displacement vector field u, is governed by the Helmholtz like elastodynamic equation: 
where kp and kg are the wavenumbers for compressional and shear waves, respectively. 
The scatterer is the circular crack shown in Figure 1, occupying the surface z = 0 , 
x2 + l < a2. On the crack surface we assume the spring contact boundary conditions: 
{ 
u - u = _1_ ( 1 fiiH - ~ fi x fi x t+ ) 
+ ~ks a + ~ 
t+ = t 
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Figure 1. The circular crack. Cartesian (xyz) and spherical (reG» coordinates. 
where the index +( -) is the limit taken from the positive(negative) side of the crack. Equa-
tion (3) states that the surface traction t is continuous over the crack surface. On the right 
hand side of Equation (2) the surface traction is divided into two parts, normal and a tan-
gential to the crack surface. The equation states that surface traction is proportional to the 
discontinuity of the displacement over the crack surface. In [3] it is argued that these BCs 
can be used to model a crack, partly closed by a static background pressure, see also [4]. In 
general the constants a and ~ may be complex. But here, regarded as "effective" distributed 
spring constants, modelling the partly closed crack [3], they are real and are given by : 
2C 
a=p=----
1t kg r (I-v) 
(4) 
where C is the fractional area of contact, estimated as the quotient between the static back-
ground pressure (typically 0-300 MPa) and the "flow pressure" (which is about three times 
the yield stress). r is the radius of circular contact (typically 10 ~) and v is Poisson's ratio. 
THE T MATRIX 
The total displacement field u is divided into the incident and the scattered wave field 
and each part is expanded in an infinite series of spherical vector wave functions '¥ n (n is a 
multiple index) as : 
(5) 
where Re'¥ n is just the regular part of '¥ n [5]. What we seek is the matrix that relates the 
expansion coefficients fn of the scattered field to the expansion coefficients ~ of the inciden t 
field. This is relation is given by the T matrix as: 
(6) 
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Following Krenk and Schmidt [1] the scattered field in the upper half-space is ex-
pressed in terms of cylindrical vector wave functions through a Fourier-Hankel transform. 
Using the symmetry with respect to the plane of the crack, the problem is divided into a 
symmetric and an anti-symmetric part. The integral representation of the scattered field leads 
to integral equations relating normal stress and displacement on the crack for the symmetric 
part and the tangential stress and displacement on the crack for the antisymmetric part. The 
stress components involved are due to the incoming field, assumed to be known, and the re-
maining unknown are the displacement components, or rather the cmck opening displace-
ments (COD). The integral equations are solved by expanding the COD in terms of associ-
ated Legendre functions P (orthogonal polynomials) in the mdial direction (the cylindrical 
coordinate p ). A necessary condition on these functions are that the COD turns to zero at the 
cmck edge p = a, as the square root of the distance to the crack edge. The COD is thus 
expanded for each azimuthal order m in the series: 
~us,m = 2. aj P:+2j+1 C\/1-p2/a2 ) 
j 
(7) 
The expansion (7) is inserted into the integral equations which then are projected on 
the same polynomials. This leads to a numerically solvable system of equations for the ex-
pansion coefficient aj of the COD. Here we leave Krenk and Schmidt and instead we make 
use of the integral representation of the the displacement field [6]. It turns out that the T 
matrix can be written as an integral over the crack surface S : 
(8) 
where ~u(n') is the COD due to the incoming wave Re'P n' and tz is the tmction vector on the 
crack surface due to any wave Re'¥n . It only remains to insert the COD, given above, and 
the calculations are completed. For the symmetrical part the T matrix takes the form: 
Too' = 1t (l + OmO ) i (ksa)2 2. a j 70') Sf 
j 
(9) 
where 
m (-1~ fa P:+2j+I(~ 1-?-/a2 ) 
S. = - cr (Re'P) ---,----
J j.tk zz 0 pm+ I (0) (10) 
sO m+2j+1 
The surface normal COD expansion coefficients ar are due to an incoming wave Re'P 0' 
and azz is the tmction component normal to the crack surface, due to a wave Re'¥ o' For the 
antisymmetrical part of the problem there is a similar expression for the T matrix with the 
COD expansion coefficients and the traction components for the tangential parts. This 
expression is omitted here. 
NUMERICAL RESULTS 
Now that the T matrix is calculated the scattering problem is fully solved. For any 
incident wave expressed as in Equation (5), the coefficients for the scattered field is 
obtained from Equation (6) and the scattered field is given by Equation (5). Below are some 
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numerical results for incident plane waves. A crack in steel (v = 0.29) with a diameter of 2 
mm ( = 2a) is considered. The background pressure is between 0 and 200 MPa. Figures 2 
and 3 show the scattering cross section I: for an incident P-wave with an angle 90 = 0° and 
45° to the z-axis respectively. The scattering cross section I: is defined as the total scattered 
energy divided by the energy flux in the incident wave and the crack area 1ta2. For the open 
crack (background pressure 0 MPa) I: stabilizes at 2 in Figure 2, as expected. Half of it is 
the reflected part and half of it is a shadow-forming part (behind the crack) since the incident 
field is defined as a plane wave also in the shadow of the crack. In Figure 3 the incident 
angle is 45° and the projected crack area is reduced by cos45°. Thus I: for the open crack 
stabilizes at 2 cos45° = -J2 ~ 1.414 as seen in Figure 3. From Equation (4) it is seen that 
a = ~ = 0 for the open crack and when there is a background pressure ( Cf. 0 ) and the fre-
quency ksa turns to zero a and ~ turns to infmity, thus modeling the closed crack i.e. 
welded BCs in Equations (2) and (3). It is clearly observed in Figures 2 and 3 that I: turns 
to zero. Figures 4 and 5 show the normalized farfield amplitude for the scattered P-wave as 
a function of the spherical coordinate 9 (-180< 9 < 180, q> = 0 see Figure 1) for an incident 
P-wave, 90 = 45°. For the low frequency in Figure 4 (ksa = 1) the amplitude decreases 
radically in all directions when the background pressure changes from 0 MPa to 50 MPa. 
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Figure 2. The scattering cross section r. for an incident P-wave normal to the crack. 
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Figure 3. The scattering cross section r. for an incident P-wave with an angle 45° to 
the crack surface. 
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For the higher frequency in Figure 5 (ksa = 8) the amplitude does not decrease in all direc-
tions. Finally, Figure 6 shows the normalized far field amplitude for the scattered S-wave as 
a function of the spherical coordinate s. The background pressure is 50 MPa and ksa is 1, 4 
and 8. It shows how the scattering pattern degenerates and the number of lobes increases 
from four in Figure 6a to at least eight visible lobes in Figure 6c. 
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Figure 4. The normalized farfield amplitude for the scattered P-wave as a function of 
the spherical coordinate s. 
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Figure 5. The normalized farfield amplitude for the scattered P-wave as a function of 
the spherical coordinate s. 
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Figure 6. The nonnalized farfield amplitude for the scattered S-wave as a function of 
the spherical coordinate e. 
REFERENCES 
1. S. Krenk and H. Schmidt, Phil. Trans. R. Soc. London. A 308, 167-198 (1982). 
2. A. Bostrom, J. Appl. Mech. 46 ,821-826, (1980). 
3. A. Bostrom and G. Wickham, On the boundary conditions for ultrasonic 
transmission by partially closed cracks, J. Nondestr. Ev. (in press). 
4. G. Persson, in these proceedings. 
5. A. Bostrom, G. Kristensson and S. Strom, in Field representations and introduction 
to scattering, edited by V.V. Varadan A. Lakhtakia and V.K. Varadan (North-
Holland,1991), Vol. 1, ChapA. 
6. S. Strom, in same as above, Chap.2. 
74 
